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TSR BT EXR RIS FE S R/A

AIGEMENT T BElE BTSSR M E K R e AN AR EE,
SR RERAIEFE AT REEEIRIED, BRI TRE.
0. @7

AL ELPA FRfERNEFEATAIEIAHEM. ELPA/ELPA2 2HBIE AIFRZEXIFRIEMHFIHEKRES 2
—. ELPA {F5 2-stage EiAH1TKAR (LR LR 3-stage) , BISCETAEXITREME N Z XTI AIIFRIE
B% (sy2sb), ATSIEIIFRE XS AR BRI ARIFR=XT AR RERE (sb2st), REBIT DA A KEXIFR=XIFXERE
HRTERAHEFIEALERE, 2-stage IEAIRMNFAEMENIFR=XI MRS THE, SZHEMIH 1-stage
MR ERN— SRR REFF IR ARIFR=IFa%ERE, ELPA # SLATE &#B5KFT 2-stage &Bi%, M
ScalLAPACK MIZEFET 1-stage &i%.

fR#E ELPA 1832 [Marek2014, Auck2011], H sy2sb #] sb2st E5EFEREHIST [Bischof1994]. $AT
[Bischof1994] FgBIFMAUA sy2sb F sb2st Hix, MEER 7 —L3IIe. BLISHRTFERA
EEHEAR T, &5 sy2sb BiZSE T [Bischof1994] 5|FRY [Grimes1988], sb2st EiZFESE Y
[Bischof1994, Auck2011, Lang1993].

1. Householder i

KES ARSI HE R RS ET LA TR SR—RFIEER Q1, Qa, - - -, Qr, /8
Q1Q2- - QrAQY --- QI QT = D, D RO aFEIEENIRIAIEN, MIEHERITRR

V = Q1Q- - Qp BRIEMEN. AXREBLXIFREMFIRIRIAIIEERE. Householder KM
H(v) = I — 200" /|v], BSEHIIERIERZ—, Householder ZiE— MBI TEN
H(v)z B r REEHEEE v EXBFENE—N. FERRTXAN VTR, SEhaem v
ERSEENBIEDE, RETEAEBEN span(v)’:
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HF Householder E—MNEEZHE, FRMAEEF L — Householder REIEI—MEENAE. FIE
X5, SEEDEEIAER Householder TEE— M HERFI—MSERE. LAEXRRE ©, &K
iTATLUMEE—A Householder 35 H(B,v) = I — fov! #418 H(B,v)z = y, y(1) = |z
y(2 : end) = 0. 391 5, v WEHHESIE XS [VL4], MATLAB EBA1T.

21

1 function [v, b] = house_vec(x)

2 % Householder Vector, Van Loan book 4th edition Algorithm 5.1.1
3 m = length(x);

4 if (m >= 2)

5 s =x(2 :m)" *x(2:m);
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6 v = [1; x(2 : m)];

7 else

8 s = 0;

9 v = 1;

10 end

11 if ((s == 0) && (x(1) >= 0))

12 b = 0;

13 elseif ((s == 0) && (x(1) < 9))
14 b = 2; % The book has a bug here
15 else

16 mu = sqrt(x(1) * x(1) + s);
17 if (x(1) <= 0)

18 v(1l) = x(1) - mu;

19 else

20 v(1l) = -s / (x(1) + mu);
21 end

22 vl 2 = v(1) * v(1);

23 b=2%*vl12/ (s +vl2);
24 v =v/v();

25 end

26 end

XEERMEXNVERERENEESZIRAR, BEEER:

o &E1: Householder vector v NE— D EXKIEZE 1.

o ME2: HEMARENEN, XF Householder 585 H FO5> Xt akE
Q = blkdiag(I,_1,H,I, .), A:= QTABKEZ A(s : e,:), A := AQ BHZ
Az, s e).

BIME 14 177E [VLA] FPRIESCR b--2, XA, AIBR—MER6IF = = (—3,0,0) 1L,
EA T EREEE—NFARSEERASRERAG L4

e Householder TEE—NMEERE, X/REFNTRERREHERERST;

e Householder ZBAEREEEEFTIAENE—NDE, REFELLHSIRABINRSERSE
FiXZEIftEBRER,;

e Householder WFEIREEERE, X/REHRBEMFBMERET;

¢ Householder TR /RiBHRMNARE/REF RIS HIL.

5 PR, S/RERHLE Householder,
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2. BF Householder T5AY QR fiF

ETF Householder ZHfY QR DEHARANEEXSTINE L, BREEHMGELZERE
Householder QR, MBXXMNEEZNIEFEI FIEMEENEL. Householder QR RIBEESE k £H
— Householder ZHEGHERFEE k FISTRLZLA FAITTREIEA0, IXETIREIRE—FIRIRTIER A5
ZE=/5%EF R, FiB8Y Householder fEFFHRTRIERSZEIER R (. TENEILRE VLA

1 function VR = house_qr(A)

2 % Householder QR, Van Loan book 4th edition Algorithm 5.2.1

3 % Output parameter:

4 % VR : Same size as A, triu(VR(1:n, 1:n)) is R, tril(VR, -1) contains Householder vectors

5 [m, n] = size(A);

6 for j =1 :n

7 [v, b] = house_vec(A(j : m, J));

8 t=v' *A(G :m j:n);

9 A(J :my J :n)y=A(F :m j:n)-b.* (v*t);
10 if (3 < m), A(G+1 : m, j) = v(2 : m-j+1); end

11 end

12 VR = A;

13 end

LAPACK #fY dgeqr2 FEARRIEERERNEZFFEE. EXNEEE, Householder vectors fif
FHNEHERE A & T=AMNE. BeistErE1, 54 Householder vector v IEE— /NS EFLL
Rz, AEFASELENALIMNESRETIMNIFEHETE. b BARERE, BE9LIA

2.
b =2/|v|; TEHEK,

IR, £ 7 1TERN v BEEHAE m, EXIMAY Householder 5B/ RE— N 5=22p8. afLAFNEAN A
1E5RAY Householder fERFAIA TSR, HEISCIER?2, X/NTEAY Householder 8/ 4k A e
BZ A m,:).

Householder QR ;8B RBREMIEIE Q, (BEE25LAFIBRFEA Householder vectors HiFiHE Q
FLMERFERE X. TENEERERE VL4

function Y = apply_house_Q bwd(V, X)

% Backward accumulation of Householder matrices
% Van Loan book 4th edition Section 5.1.6

% Input parameters:

V : Size m * n, its strict lower part contains the Householder vectors

N oo A wWwN R

%
% X : Input vectors, size m * k
%

Output parameter:

4124
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8 % Y :Y=0QL*Q*...*Qn*X

9 [m, n] = size(V);

10 Y = X;

11 for j=n:-1:1

12 V= [1; V(3+L  m, )1

13 b =2/ (norm(v).”2);

14 %Y =Q3F*Y=(I-b*v*vy)*y
15 t=v' *Y({G :m :);

16 Y(F :m, ) =Y(F :m, ) - (b .*v)*t;
17 end

18 end

XEBRA—T, _bwd XNEHEEEYRE (backward) 5% Householder Z¥EEREEI X, 2fFRIHY
“ERlFE Hy, Ha, - - -, Hy, BREFRNINFZE Hi, Hy 1, - - -, Hi. (IREFRIRFRS REIRFER
BLABTF H; B2, 8 XTREEHEMNAFER. 1R X M5BT n, BFERIIFLTRN
SREER. EXNEEE, WREBAB X = eye(size(n)) , BBAKILHRY v XKL [0, R] = ar(A, )
(thin QR) EEEAY o.

Householder QR tERJLAEAD RENERASHIFBRY BLAS-2 #82ELH#79 BLAS-3 LIRS MRS,
house_qr() #[ apply_house_q_bwd() PEER{FERRIEMFEENEF rank-1 update. iT5FH

house_ar() 58 8, 9 1T, IRUNAT—NEEE b, BBASE 9 ITEHEM A(5 : m,1),5 < 1 < j+ b H9RS
1%, HABERE A(:,j+b: end) BEE. BHER, X A(:, 7+ b : end) WEFRATLIHIER,
DEH—EHEEF. NEEZE LR, BT trailing matrix A(5 : m, j : n) BIEFHER rank-1 update,
k /™ rank-1 update #8RRIZBE—NEMNRY rank-k update. EIEATTLAEHEF Householder 48
BEEEI—NERHERE [ — WY T, FTERESRAH T WT representation i+ Householder QR
MN7FE, EERE [V0L4]:

1 function VR = house_qgr_WY(A, bs)

2 % Blocked Householder QR using WY representation
3 % Van Loan 4th edition Algorithm 5.2.2

4 % Input parameters:

5 % A :Sizem * n, m>=n

6 % bs : Block size

7 % Output parameter:

8 % VR : Same size as A, triu(VR(1:n, 1:n)) is R, tril(VR, -1) contains Householder vectors
9 [m, n] = size(A);

10 for j =1 2:bs :n

11 % Columns in the current panel: [j, k]
12 k = min(n, j + bs - 1);

13 curr_bs = k - j + 1;
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% QR factorize A(j : m, j : k), in practice the results overwrite A(j

A(j = m, j : k) = house_gr(A(j : m, j : k));
Build W and Y from V

We only store and use the (j : m)-th non-zeros rows in Y and W

SR

tril(A(j = m, j : k), -1) + eye(m-j+1, curr_bs);

= gen_W_from_Y(Y);

Update columns right to the current panel

Q j * Q{j+1} * ... * Qk = eye(m) - W * V'

A(J :m, k#1 : n) = Qk * ... * Q {j+1} * QJj * A(J : m, k+1 : n)
A(J : m, k+t1 : n) = (eye(m) - Y * W') * A(j : m, k+1 : n)

WTA = W' * A(j : m, k+1 : n);

A(j = m, k#1 : n) = A(J : m, k¥l : n) - Y * WTA;

= <
1]

3R 3 X X

function W = gen_W_from_Y(Y)

%

Generate the WY matrix from Householder vectors
Van Loan 4th edition Algorithm 5.1.2
Y : Sizem * r, m > r, each column is a Householder vector v

W : Size m * r, generated W matrix

[m, r] = size(Y);
b =2/ (norm(Y(:, 1)).72);

W = zeros(m, r);

W(:

> 1) =b *Y(:, 1);

for j =2 :r

end

15 end

W 00 N O U1 A W N B

B
(S

vj =Y(:1 J))
b =2/ (norm(vj)."2);
W(:, 3) =b*vj-b*W:, 1:3-1) * (Y(:, 1 : 3-1)" * vj);

XIRzHE, A3 WY representation it& Q) ER(EEMER X RIEENOT:

function Z = apply _house_Q WY _bwd(V, X, bs)

%
%
%

3 % ¥ X

Backward accumulation of Householder matrices using WY representation

Input parameters:

\Y
X

bs :

: Size m * n, its strict lower part contains the Householder vectors

: Input vectors, size m * k

Block size, default is 8

Output parameter:

z

$Z=0Q1*%Q2* ... *Qn*X

[m, n] = size(V);

if (nargin < 3), bs = 8; end

nl

= min(m-1, n); % The last column of a square V has no Householder vector
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12 Z = X;
13 for k =nl : -bs : 1

14 % Columns in the current panel: [j, k]

15 j = max(1l, k - bs + 1);

16 curr_bs = k - j + 1;

17 % Build W and Y from V

18 % We only store and use the (j : m)-th non-zeros rows in Y and W
19 Y = tril(V(j : m, j : k), -1) + eye(m-j+1, curr_bs);

20 W = gen_W_from_Y(Y);

21 % Q j * Q{j+1} * ... * Qk = eye(m) - W * Y'

22 %Z =073 * Q{j+1} * ... * Qk *Z = (eye(m) - W * Y') * Z

23 YTZ =YY" *Z(F = m, :);

24 Z(3 :tmy, )y =2Z(3 +m, ) - W * YTZ;

25 end

26 end

3. EF%#R Householder TEHHP=3I 1k

EfRERMERRAY Householder QR f&, ETFXIFR Householer TR =SSR IAAYEIRME 7. FNIFFEA
E=NAUNIHEREAE I — M IHRERE: AAR=XRAN? BEEHE Householder QR EHAY
Householder fEfBATR— T A & EARE? BT HTRBRMANEM naive 2467: HTA B
A(2:end, 1) EE7, B2 (HTA)H % (HT A)(1,2 : end) EE 7RIS

(HTA)(2 : end, 1) EHETIEST. HFEHHED RS RS BRI FHATRIAE SR R e
B, IARIIMER —NERERFECATIGR A (I ERsE [TiztEEL] .

MERIREERA), TLUSE—MRHEKEN v = (0,---,0,1,a,b,¢,- )T, HEXIRAY
Householder EEAETFIAT A HARHRERAKE A WS FE/UTHSRET, HT Aor HAE
THF) or 1TALH (HT A)H or HT (AH) S5HEANIFET. BEit, HTTUEE—HE

b = 2 x bs + 1, BF—FRFIXIFR Housholder Z53ai8 A ZR— RS b HIHIRIERE B. XY
Householder TG R ERA LB BT FAMNBIEMEAI_LE/ M bs 17/5).

EAXFR=SFRERFARTRIER, BATTLUE A THap — N FR=3I M. BE KR EERIESTE
T—TiE. TEN=XAUEEEKARE [VL4]:

1 function [Q, T] = house_tridiag(A)

2 % Householder Tridiagonalization, Van Loan book 4th edition, Algorithm 8.3.1
3 % Output parameters:

4 % Q : Product of Householder matrices

5 % T : Tridiagonal matrix, A =Q * T * QT

6

n = size(A, 1);
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7 Q = eye(n);

8 for k =1 : n-2

9 [v, b] = house_vec(A(k+1l : n, k));

10 % Q_k = eye(m) - b *v *v', apply Q_k" * A * Q_k
11 p=>b*A(k+tl : n, k+l : n) * v;

12 w=p- (0.5*b*p" *v)*y;

13 A(k+1, k) = norm(A(k+1 : n, k));

14 A(k, k+1) = A(k+1, k);

15 wT = v * w';

16 A(k+l : n, k+1 : n) = A(k+1 : n, k+1l : n) - vwT - wwT';
17 % v(2 : end) can be stored in A(k+2 : n, k)

18 A(k+2 : n, k) = 0;

19 A(k, k+2 : n) = 0;

20 % Accumulate Q = Q *Qk =Q - b * (Q *v) *v';
21 t =Q(:, k+l : n) * v;

22 Q(:, k+1 : n) =Q(:, k+#1l = n) - (b .* t) * v';

23 end

24 T = A;

25 end

EEIENR, XEYERRUBENANEEIARERTE HT A(k+1:n,k+1: n)
[HTA(k+1:n,k+1:n)]H.

(I — Bl A(T — BvoT) = A — BAwT — BuvvT A + B2vvT Avo”, FIFSIFRIETLAS I\ piE)ES
i p,w, EERERITE A — v’ — wol EXBREOT M, BRERT Q. WRFERE
B, Householder vectors EHRTLATHEE=XIAIAIMIXIEFFER apply_house Q bwd() &AL Q 2&
apply Q.

FIXE, REAHEATATLARR AR :

1. BE&f& Householder QR B9 WY FRRiEZ—HGEHILNENRR, B WY RmEASE XURGEKER
trailing matrix?

2. THAR =33 AR R T AR T 58 B ARIAER BRI HOIERID?

XFNMERREA TR — . BRAF VSR TXFR=0MKE, (IS EFUIRER S ERHHES
fERE,

4. WIR=YAEMNRHLHES AREEE

RS [VL4] Section 8.4.3 8.4.4 1 [ECNU-MC] Section 5.4. XEFHMi—s, HIEHFHAPEN

m
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Now suppose that we have m-by-m orthogonal matrices @, and @, such that
PP Y g
QTT1Q, = D, and Q¥ T;,Q, = D, are each diagonal. If we set

0
oo @ o]
0 Q2
then
T T L 0 T T
U'tu =U +pvv’ |U = D+ pz2z
0 Ty
where
D, 0
D =
0 Do
is diagonal and
T Tem
=U'v = .
) [ 0Qe: ]

Comparing these equations we see that the effective synthesis of the two half-sized
Schur decompositions requires the quick and stable computation of an orthogonal V
such that

VI(D+ pzzT)V = A = diag(M,..., )

which we discussed in §8.4.3.

Theorem 8.4.3. Suppose D = diag(d,,...,d,) € R**" and that the diagonal entries
satisfy dy > -+ > d. Assume that p # 0 and that z € R" has no zero components. If
V € R**" is orthogonal such that

VI(D + p22T)V = diag(\1,...,An)
with Ay > --- > X, and V = vy |---| v, ], then
(a) The A; are the n zeros of {i\) = 14 p2zT(D — A) 1.

(b) If p>0, then Ay > dy > A2 > -+ > Ap > dn.
Ifp <0, thendy > A1 >dy > - >dp > Ap.

(c) The eigenvector v; is a multiple of (D — \;I)~!z.

THRIREEARY CHE R REFHNEERF:
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1 function [V, D] = tridiag_eig dc(T)
2 % Divide and conquer method, see Van Load 4th edition Section 8.4.3, 8.4.4
3 % T is a symmetric tridiagonal matrix, V * D * V' =T
4 n = size(T, 1);
5 if (n <= 4)
6 [V, D] = eig(T);
7 return;
8 end
9 % T = blkdiag(T1l, T2) + rho * v * v';
3 ; ’; 10 % v = [zeros(m-1, 1); 1; 1; zeros(n-m-1, 1)];
’/‘\’/ //) 11 m = floor(n / 2);
s 12 rho = T(m+1, m); % == beta m
Rainmaker's Notebook 13 TeT@:m 1:m);
[RRIARTRYER S 2 AT E 2 14 Ti(m, m) = Ti(m, m) - rho;
FETIT, HAHR TR 15 L1, 1] = tridiag eig de(T);
FAE. | — (REMA% B
FER) 18 [Q2, D2] = tridiag eig dc(T2);
19 % U = blkdiag(Ql, Q2); D = blkdiag(D1l, D2);
20 % U *T*U=U"* (blkdiag(Tl, T2) + rho * v * v') * U =D + rho * z * z';
21 %z =U"*v=[Ql(m :), Q2(1, )]";
22 % Solve [V1, L1] = eig(D + rho * z * z')
Home 23z o= [eum, 0), Q2(1, D'
24 de = [diag(D1l); diag(D2)];
Archives 25 d = sort(de, 'descend');
26 L1 = zeros(n);
About 27 V1l = zeros(n);
28 % Theorem 8.4.3
. 29 % (a) 1_i are the n zeros of 1 + rho * z' * inv(D - 1 * I) * z
SiteXC 30 f = @lambda)(1 + rho * sum( z .* z ./ (d@ - lambda)));
31 fori=1:n
32 if (rho > @)
33 % (b-1) 1.1 >d.1>12>d.2>...>1n>dn
34 d i =d(i) + 10 * eps;
35 if (1 == 1)
36 h =1;
37 d_iml = d(1) + h;
38 f dl = f(d(1) + 10 * eps);
39 while (f(d_iml) * f_d1 > @)
40 h=h*2;
41 d_iml = d(1) + h;
42 end
43 else
44 d_iml = d(i - 1) - 10 * eps;
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45 end

46 1 i range = [d_i, d_iml];

47 else

48 % (b-2) d_1>11>d2>12>...>dn>1n
49 di=d(i) - 10 * eps;

50 if (i == n)

51 h = 1;

52 d_ipl = d(n) - h

53 f_dn = f(d(n) - 10 * eps);

54 while (f(d_ipl) * f_dn > @)

55 h=h*2;

56 d_ipl = d(n) - h

57 end

58 else

59 d_ipl = d(i + 1) + 10 * eps;

60 end

61 1_i_range = [d_ip1l, d_i];

62 end

63 1 i = fzero(f, 1_i_range);

64 Li(i, i) = 1_1i;

65 % (c) Eigenvector v_i is a multiple of inv(D - 1_i * I) * z
66 vi=z./(de - 11i);

67 Vi(:, i) = v_i ./ norm(v_i);

68 end

69 % U'" *T*U=V1l * Ll *Vl';

70 % T = (U * VL) * L1 * (V1' * U');

71 V =1[Q1 *Vi(1 : m, :); Q2 * Vi(m+1l : n, :)];
72 D = L1;

73 end

XAMUBBEEE ERAKIRERN. [ECNU-MC] FIH T —E I RrR S A ERE AR B/
%, IXERIT,

5. IAEXITREIS I MAERFIEIR (sy2sb) Hixk

% 3. 4 BARTEIT N B EMSERERESE. A, F 3 TRELAEMMNaAERFES, L
fr EIXFNAREEE KB, [E—T Householder QR B9 :

BE—NEE D, BBAS 9 TEHET A(5 : m,1),7 <1 < j+ brEHE, HAEEkRS
A(5,j+b: end) BEE. BEEER, X A(:,J+ b : end) WEFRATLMIER.
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IHE—T house_tridiag() . L—T5MIDHH, HT AH BFEMNENHR 52vv” Avo” BJLUEME
B2v(vT Av)vT, ZAERFAUE—ATRIFIERST vT Av XMREE, mXMrEiHEEEREREA
A BNER. XEWERIILEAEREH A MEE75ES, BHEEEFHEM Householder 35, X
iz 1-stage =XIAILASERA: RBEFE BLAS-2 #E, FTiA(EFS BLAS-3 #E, MBEZIRTRFHER.

TEFKAERR sy2sb. IBEHHE bs > 1, HEGHERDR:

_ . -
Ay AT, o AT
Asy Agy -+ AT,
A= ,
| Ak Ago o0 Apg

FEFREHR A1p—1,1:0—1 KONEA bs X bs, & FE—THSRAE—URERFRA/NTEENT bs X bs. E&
Z— Householder vector v; = (zeros(bs,1),1,x, Ty _ps_1)7, EXIRAY Householder 25
e H gk A BHRENEE A(bs +1 :n,:) f1 A(:,bs +1:n). ix#—3E, A.1 71 A,
PEIFIFN T TEFAOAMR, Fif& Householder QR — UK T HaI{TAER B, v BE, Kk
FEET Ap g, p,q > 2 BHER. B, IFETRMERR

Ayy - Af,z

A= .
Arp 0 Ak

’

RUSEHT, STLAMBAERS. EUt, 54 Householder vector

vy = (zeros(bs +1,1),1,21, -+, Ty ps_2)" SIRIAI Householder Zxitaxg A ST AT LA
JR. & bs A Householder Ziats A fUEHERAILABRFE TSR WY E79570 BLAS-3 12
5. Eitt, sy2sb FIMERE—SHEE A1 = [A11; A1 -+ Ak,1]| F house_ar() BHTHE, £
R W, Y, SREE A. ZEREENSEREE A EEERIS R,

REFNELE—T& FTE—TH&ERGIE—NEMRANZIESTAERY. X EAERE
[Grimes1988] #XAXIT Y. EF—MERAIFIF: n = 7,bs = 3, WRATERED R
A(1:4,1:4) A(1:4,5:7)
A(B5:7,1:4) A(B:7,5:7)
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A £ sy2sb LIEZR T —E3dfsErs B, B(7,1:3) = 0,82 B(7,4 : 7) 72 0. RNFE=A
Householder vectors SIRAI=4> Householder ZaRemiEE. HIt, M = A(5:7,1:3), 8
WY ERAEHAER A5 : 7,5: 7), BFT A(5 : 7,4) FWENE, 12 [Qur, Rur] = qr(M), i

PRI FRAEIF R E KRR 5574 | Rainmaker's Notebook

PHRBRESE AT A

A(1:4,1:4)

A(l : 4,5 : 7)QM

T lQTAG:T,1:4) QUAG:T,5:7)Qu]

Heh, QY A(B5:7,1:3)=RY mEB(5:7,4) = Q% A(:17,4).

Vi=CAN
gy

W 00 N O U1 »h W N B

function VB = house_sy2sb(A, bs)

LERISHT, FAITTLUEEINT sy2sb BiZ:

% Reduces a real symmetric matrix A to real symmetric band-diagonal

% form VB using blocked Householder transforms
% Reference: 10.1145/44128.44130, Section 3

% Input parameter:

% A : Size n * n, symmetric matrix
% bs : Semi bandwidth of T, >= 2, default is 8

% Output parameters:

% VB : Size n * n, tril(VT, -bs-1) stores the Householder vectors in sy2sb,

% the middle is a symmetric band-diagonal matrix with bandwidth 2*bs+1

n = size(A, 1);
if (nargin < 2), bs = 8; end

nl =n - bs - 1; % The last column in VB that its last row is ©

for j =1 : bs : nl

% Columns in the current panel: [j, k]

k = min(nl, j + bs - 1);
curr_bs =k - j + 1;

% Note: the first row of A in the panel is 1 = j + bs, not k + 1

% QR factorize M = A(1 : n, j : k), size(M, 1) >= size(M, 2) always holds
1 =3+ bs;

A(L : n, j : k) = house_gr(A(l : n, j : k));

R = triu(A(1 : l+curr_bs-1, j : k));

A(j : k, 1 : l+curr_bs-1) = R';

if (k < 1-1)

% Last block, where 1
A(l : n, k+1 : 1-1) =
A(k+1 : 1-1, 1 : n) =

end

>

apply _house_QT_bwd(A(l1 : n, j :

k, need to handle columns [k+1, 1-1]

A(L : n, k1 : 1-1)";

k), A(1 :

n,

k+1 :

1-1));
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29 % Build W and Y from V

30 Y = tril(A(1 : n, j : k), -1) + eye(n-1+1, curr_bs);
31 W = gen_W_from_Y(Y);

32 % Q. k =eye(n) - W*Y", apply Q_ k"' * A * Q_k
33 S=A(1l :n, 1:n)*WNW;

34 V=W *S;

35 T=S-0.5*Y*YV;

36 YIT =Y * T';

37 A(L :n,1:n)y=A1:n,1:n)-YTT - YTT';
38 end

39 VB = A;

40 end

Hrh apply_house_QT_bwd XTI Q3 X, 5 apply_house o bud HIRBUNES 11 17,

W 00 N O U1 A W N B

B R R R R R R
o d WN RO

17
18

1% sy2sb BEIRY Q 73k X BUELEFD apply_house_q wy_bwd() ZE{I:

0 N O VA W N R

function Y = apply_house_QT_bwd(V, X)

% Backward accumulation of the Householder matrices in reversed order

% Van Loan book 4th edition Section 5.1.6

% Input parameters:

% V : Sizem * n, its strict lower part contains the Householder vectors

% X : Input vectors, size m * k

% Output parameter:

% Y :Y=0Qn* ...%Q2%*Q1l*X
[m, n] = size(V);
Y = X;
for j =1 :n
v = [1; V(3+1 : m, 3)1;
b =2/ (norm(v).”2);
%Y =Q3J*Y=(IL-b*v*y')*y

t=v' *Y({G :m );
Y(J :m, ) =Y(J :m, ) - (b .*v)*t;
end
end

function Z = apply_sy2sb_Q WY(VB, bs, C)
% Apply the Q matrix from sy2sb to C (calculate Q * C)

% Input parameters:

% VB : Size n * n, tril(VT, -bs-1) stores the Householder vectors in sy2sb

% bs : Semi-bandwidth of the B matrix

% C : Size n * k, matrix to be applied with Q
% Output parameter:

% Z : Sizen * k, ==Q * C
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9 n = size(VB, 1);
10 nl=n->bs - 1; % The last column in B that its last row is ©
11 n2 =1 + floor((nl - 1) / bs) * bs;
12 for j =n2: -bs : 1
13 % Columns in the current panel: [j, k]
14 k = min(nl, j + bs - 1);
15 curr_bs =k - j + 1;
16 1 =173 + bs;
‘ 17 % Extract Y from V and build W
‘} ~ ,; ’  18 Y = tril(VB(1l : n, j : k), -1) + eye(n-1+1, curr_bs);
( VING 19 W = gen_W_from_Y(Y);
R/ /}/) 20 %Q*C(l:n, :)=(I-W*Y)*Cl:n,:)
Rainmaker's Notebook 21 YTC = Y' * C(L : n, :);
IR AR  SFET AR 22 €L, ) =CAtn, 1) - W *VIG
SRERIAR, HEHR TR v
TS, | —— (REMAS s end
5%)
6. SXAZ=IIAEFFIEIE (sb2st) Hix
KRS TR XS A BRI IARE— S ZHIEES. ELPA #1 SLATE Y 2nd stage 1SXIFRS S FsEMEH—5
Home THREIRIFR=NS R, AEERNTREXEEMNDaKE. B— 1 HAARIRHEEKESS EigenExa
| TAESHE, 1E sy2sb LURERRBNHRE I AEM I HERIS TR, (ISR AsREI=
Archives AENREER, BEESEWIETX ML, T EigenExa XAMNERZRRESEN, FARTH RN
About EALCRIEAVEREE NS EFA&ICIE, XL ENIER,
sb2st {kSAELTF Householder Z5#a, IXFHR T —MaElfl: WE—IOMIA BRI, —IAOFIFE
SiteXC

BERIRRERESHA.
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(a) initial band matrix (b) tasks in sweep 1 (c) overlap of sweeps

Figure 2.3: Bulge-chasing algorithm. “o" indicates eliminated elements; “+" indicates fill. Arrows
show application of Householder reflector on left (—), which update a block row, and on right (),
which update a block column.

FEXEKEE [SLATE-EVD], B1GEEE—F, BE—T (F) BRENAELMNITRES. AT,
Householder vector FHIKEZE T ¥ bs = 5. 7EFMI apply Householder Zie (iE9%5#z (1, 1))
E. A(1,3:6) #EET (B (b) FEEHERE—THTOER) B2 A(2:6,:) M7
HAESTT (B (b) T TAHREAEPN=OEBMNS) . T2, HIIGSEXLFHENNES
TTPRIE—T A(2,8 : 11) (B (b) h T, TABESEDNOER) #TEE, XMTRCH (1,
2). A(2,4:7) PRIETTERERE, X—FSBEEXE A(7:9,:) SINTHIIEST (B (b) F
T4 THEBEEHSEFNSOEBNS) . XERII8D A(3 : 6,:) PEEHE (1,1) SIABEAEST, M
BEEFSINIEZTNSE—T A(7,13 : 15) #HTiEkk, XANERIEIRISH (1,3). (1,3) i#BHE5IA
WHUAESIT. BIETERE—ESE, FHEZHR (1, 1:3) #))9 sweep 1.

B sb2st RimimiRB5eK, BRI E—T sweep 1 B!

o B 1 TR =X BHSINFRYIESTT,

o BE—LSSINRAEZTHRISE 117 (BIBMEMRYSE 1 + 1 17) PEINRUFEAFETHREHEIX
S 1+ 1+ bs (7R INFIESTT,

o BE—ESINRAETTTHRIE 117 (RIEEANEMRISE 1 + 1 + bs 17) FSINAIHHIEETTHIRE.

SNR bs —xa, sweep FHEH/LEHEEMN [TEE—FSINRAETTHAIE 117 (BIENEMRLE
14+ 1+ j-bs17) PEINFHESTHRIEHBRESE 1 + 1+ (i + 1) - bs ITFHASINFEAES
7tl . BRIREHEAEEITEIA.

ETREAIEE 1T, sweep 1 PHE _E(FHEIRIGFRISE _ITIRAREBEF 55 bs, ALLFA1aTLAIEE)
(UL sweep 1 B9ZSHERRS
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o 1858 2 1TRHRpL =X AFH S INFAES T,
o BE—SINRYAFEITTHRYZE 117 (BPEEMEMERISE 2 + 117) P5INRIFAFETHRERBIR
S 2+ 1 + bs (TR INFIESTT,
o HE: BE—LSINAEFERTHRIE 117 (RPEEMEMEFRE 2 + 1+ 7 - bs 17) FEINRFIEST
s, HERESE 2+ 1+ (14 1) - bs TFFASINFIEST, HE EﬂﬁE@ﬂ:?l)\o
EFXEMER, HATTLUBEI—NEERFAEFRM naive sb2st Hix, HF « 2 sweep index, j 2
BRBEETR, (k) BT —MEERIIR:
1 function [Q, T] = house_sb2st v@(B, bs)
2 % Reduce a symmetric band matrix to symmetric tridiagonal matrix
3 % Reference: DOI 10.1109/SHPCC.1994.296622, bulge chasing algorithm
4 % Input parameters:
5 % B : Size n * n, symmetric matrix with bandwidth 2*bs+1
6 % bs : Semi-bandwidth of B
7 % Output parameters:
8 % Q : Size n * n, orthogonal matrix, Q * T * Q' == B
9 % T : Size n * n, symmetric tridiagonal matrix
10 n = size(B, 1);
11 Q = eye(n);
12 % Sweep from 1st column to (n-2)-th column
13 for k =1 : n-2
14 j_list = [k, k+1 : bs : n-bs-1];
15 for 1 =1 : length(j_list)
16 % Householder transform (k, 1) in the paper
17 % When transforming the j-th column, [rl, r2] are nonzeros, [r2+1, n] are zeros
18 % [rl, r2]s in the same k do not overlap with each other
19 j = j_list(1);
20 if (1 ==1)
21 rli=3j+ 1;
22 else
23 rl = 3j + bs;
24 end
25 r2 = min(rl + bs - 1, n);
26 [v, b] = house_vec(B(rl1 : r2, j));
27 % The full Householder vector is [zeros(rl-1, 1); v; zeros(n-r2, 1)];
28 % (H' * B) * Hwill first update B(rl : r2, :), then update B(:, rl : r2)
29 H = eye(r2-ri+l) - (b * v) * v';
30 B(rl : r2, :) = H" * B(rl : r2, :);
31 B(:, rl : r2) = B(:, rl : r2) * H;
32 % Accumulate Q = Q *Q k =Q - b * (Q *v) *v';
33 % Each j reads and updates the same Q columns, and different j in
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% the same k reads and updates different Q columns (can be parallelized)
t =Q(:, rl : r2) * v;
Q(:, rl : r2) =Q(:, r1 : r2) - (b .*t) *v';
end
end
T =B;
end

AT FHESANEERE, EEXANEEEY B #TReEREEEN Q. EBEENRE, XNMEEHRE
FIFE B a9mBntER: 55 30, 31, 36 7MY B f1 Q FL47/5IMERB5/47. |RASE, [Bischof1994,
Auck2011] ERBEARRAMBINARMBREER, [Lang1993] UFHIRBRR (LWXNE=T5FF4EH

A

W 0 N O U1 M W N B

10

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

HEFIEAAFT) o FIWERT house_sb2st_ve() IB{THIEAY B MEMFEN, BCERHT TEX MR

function VT = house_sb2st_v2(B, bs)
% Reduce a symmetric band matrix to symmetric tridiagonal matrix
% Reference: DOI 10.1109/SHPCC.1994.296622, bulge chasing algorithm
% Input parameters:
% B : Size n * n, symmetric matrix with bandwidth 2*bs+1
% bs : Semi-bandwidth of B
% Output parameters:
% VT : Size n * n, its tridiagonal part is T, tril(VT, -2) contains all
% Householder vectors in sb2st
n = size(B, 1);
% Sweep from 1st column to (n-2)-th column
v_tmp = zeros(n, 1);
for k =1 : n-2
j_list = [k, k+1 : bs : n-bs-1];
for 1 = 1 : length(j_list)
% Householder transform (k, 1) in the paper
% When transforming the j-th column, [rl, r2] are nonzeros, [r2+1, n] are zeros
% [rl, r2]s in the same k do not overlap with each other
j = j_list(1);
if (1 == 1)
rli =3j+ 1;
else
rli = j + bs;
end
r2 = min(rl + bs - 1, n);
[v, b] = house_vec(B(rl : r2, j));
% The full Householder vector is [zeros(rl-1, 1); v; zeros(n-r2, 1)];
% H' * B updates B(rl : r2, j : r3), B * H updates B(j : r3, rl : r2)
if (1 == 1)
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30 r3 = min(n, rl + 2 * bs);
31 else
32 r3 = min(n, rl + 3 * bs - 1);
33 end
34 t=v' *B(rl :r2, j:r3);
35 B(rl : r2, j : r3) =B(rl : r2, j : r3) - (b .*v) * t;
36 t =B(j : r3, rl : r2) * v;
37 B(j : r3, r1 : r2) =B(j : r3, rl : r2) - (b .* t) * v';
‘ 38 v_tmp(rl : r2) = v;
‘k % V) 4 39 end
// , R, / 40 % v_tmp(k) is [zeros(1, k), 1, X, ..., x];
v ;//<> 41 B(k+2 : n, k) = v_tmp(k+2 : n);
Rainmaker's Notebook 12 end
[RFRREITORE  MET AR 3 VT
SRETIAR, MR TR e end
E — N % = ., . \,
FHERTE. | (REMIASE 7E house_sbast va () R, EPREHN B EMRANNTERS 4(bs)?, & [Bischof1994] BB sb2st

Fevar
R #R532FR  “a Householder update involving b rows of A requires only O(b?) flops” . Itt4h,

sweep k FHIFFAE Householder vectors 527 B(:, k), ILAZERRITE Q o3k X.

H—EMEATH], sb2st 93T B A N TINIRFH AR T2 EER., [Bischof1994] 4aHT=
Home ANER, a<bERbEEaSE: @) (k1) < (k+1,1), () (k1) < (k, 1+1); () (k, 1) < (k+1, 1-1). INE=
ATE—KETLULE, (1, 1)F0 (1, 2) FepbAE, (1, 3) A=BEAhE 2, 1) FEAEUYE, Atk (1, 3) #0

Archives . N
(2, 1) ATLARRS ., TIXTF Q 25k X, B—1 sweep FEOARLHEEHIEARN Q 1951, # Q
About ROLERRATE PR B SERTIA = MIFE R (b) HOBRAL.
SiteXC TEBRE [Auck2011], 4T sb2st IHELFRHE Q 25k X WAIRHAIRS, Heh U") Synzatig

i (k, ). MBI BEE T — DAG, aILURIELL DAG #7317,
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Figure 2: Householder vectors from the bulge-chasing algorithm for the reduction from banded
to tridiagonal form [44]. The arrows indicate the order of execution during reduction (left)
and back transformation of eigenvectors (right).

JFHE Q &3k X, BAITLAER DAG FHETNT R, &3 HE Householder 3

EHTEN. RERNSHINFREENALRB L, TERKAIND:
1 function Z = apply_sb2st Q WY(VT, bs, nv, C)
2 % Apply the Q matrix from sb2st to C (calculate Q * C)
3 % Based on D0I:10.1016/j.parco.2011.05.002 Figure 2 right part and
4 % D0I:10.1109/SHPCC.1994.296622 Section 3
5 % Input parameters:
6 % VT : Size n * n, tril(VT, -2) stores the Householder vectors in sb2st
7 % bs : Semi-bandwidth of the AB matrix entering sb2st, == length of each
8 % Householder vectors in sb2st
9 % nv : Number of Householder vectors to combine
10% C : Size n * k, matrix to be applied with Q
11 % Output parameter:
12% Z : Sizen * k, ==Q * C
13 n = size(VT, 1);
14 1 num = zeros(n-2, 1);
15 for k =1 : n-2
16 j_list = [k, k+1 : bs : n-bs-1];
17 1 _num(k) = length(j_list);
18 end
19 for 1 =1 : 1 num(l)
20 for k1 =n-2 : -1 : 1
21 if (1_num(k1l) >= 1), break; end
22 end
23 for ke = k1 : -nv : 1
24 % Combine transforms (ke : -1 : ks, 1)

IHRFRAE WY =7
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25 ks = max(1, ke - nv + 1);
26 curr_nv = ke - ks + 1;
27 Y = zeros(bs + curr_nv - 1, curr_nv);
28 min_rl = 1e100;
29 max_r2 = 0;
30 for k = ke : -1 : ks
31 % Calculate j, rl, r2 from (k, 1) and extract corresponding v
32 if (1 == 1)
33 Jj=K
o 4 34 rl =3j+ 1;
( b /0 35 else
N 36 jo=k+ 1;
Rainmaker's Notebook 37 if (1>2), =73+ (L-2)*bs; end
[RFARIBa ST Z TS 38 rl =3+ bs;
SRETIUAR, HRRRITFAIRE > end
40 r2 = min(rl + bs - 1, n);
;i{‘mﬁﬁg\%o 1' - «%EE@)\% 41 VvV = VT(r\l :or2, k);
F) 42 if (1 ==1), v(1) = 1; end
43 % Record min_rl, max_r2; put v in Y
44 min_rl = min(min_rl, ri1);
45 max_r2 = max(max_r2, r2);
46 Y_rl =k - ks + 1;
Home 47 Y r2 = v.rl + (r2 - rl);
48 Y_col = ke - k + 1;
Archives 49 Y(Y_rl : Y_r2, Y_col) = v;
50 end
About 51 % length(v) might ?e smaller than bs, truncate empty rows in Y
52 Y = Y(1 : max_r2-min_ril+l, :);
53 W = gen_W_from_Y(Y);
SiteXC 54 % Q" * C(min_rl : max_r2, :) = (I - Y * W) * C(min_rl : max_r2, :)
55 % Why we are using Q' * C instead of Q * C here, but Q * C in apply_sy2sb_Q_WY?
56 WTC = W' * C(min_rl : max_r2, :);
57 C(min_rl : max_r2, :) = C(min_rl : max_r2, :) - Y * WTC;
58 end
59 end
60 Z=2C;
61 end

7. KWBRYASER

1-stage J5i%:
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1 [Q, T] = house_tridiag(A);
2 [V1, D] = tridiag_eig dc(T);
3V =0Q * Vi
4 % Check error norm: norm(V * D * V' - A, 'fro') / norm(A, 'fro')

2-stage ik

B_nnz_pattern = toeplitz([ones(1l, 1+bs), zeros(1l, n-bs-1)]);
VB = house_sy2sb(A, bs);
B = VB .* B_nnz_pattern;

VT = house_sb2st_v2(B, bs);

1
2
3
4
5 T_nnz_pattern = toeplitz([ones(1, 2), zeros(1l, n-2)]1);
6
7 T = VT .* T_nnz_pattern;

8

9

[V1, D] = tridiag_eig_dc(T);
10 V2 = apply_sb2st_Q WY(VT, bs, nv, V1);
11 V = apply_sy2sb_Q_WY(VB, bs, V2);

12 % Check error norm: norm(V * D * V' - A, 'fro') / norm(A, 'fro')

Hal tridiag_eig_dc ANEMRISE, PILARE MATLAB fY eig RIGUFEMERNREFIIESME.

S5 38

1. (VL4) Maxtrix Computation 4th Edition
2. (Marek2014) The ELPA library: scalable parallel eigenvalue solutions for electronic structure

theory and computational science

3. (Auck2011) Parallel solution of partial symmetric eigenvalue problems for electronic

structure calculations

4, (Bischof1994) Parallel tridiagonalization through two-step band reduction

5. (Lang1993) A Parallel Algorithm for Reducing Symmetric Banded Matrices to Tridiagonal

Form

6. (Grimes1988) Solution of large, dense symmetric generalized eigenvalue problems using

secondary storage

7. (ECNU-MC) HARITTe A EE MR Bt X

8. (SLATE-EVD) SLATE working note 13: Implementing Singular Value and
Symmetric/Hermitian Eigenvalue Solvers
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