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COSMA FiEZD

BEHTWEEE, FH3F COSMA (Communication-Optimal S-partitioned Matrix-multiplication
Algorithm) {7 —BLEBORNRIAT. AEEREE 7 TN AR EHSEAMERE, HothT
COSMA &iERYRBBEFISCIN.

1. FERESRIERTIERE

AITC—RRTE=RERES L (general matrix-matrix multiplication, GEMM):

C:AXB, AECka, BGCkxn,CECmXTl.

AXRER O(mnk) SRENEX, A% Strassen —EHIFMBRITNERETX.

—AMERETEE EE TR (1) mn AMESIE k BRI, (2) k4 rank-1 update B0,
SZHIHFHT 2D 5% Cannon [1], PUMMA [2], U SUMMA (3], #BaI LU/ EFHTHHE (1) chigs AN
BPTA: X2 2D EEEREN C 8 2D %%y, REESMHTHEES— C HHRIER, RExL
2D KUSTRIE Tm HEERD n SREAFHT] . FRS, SUMMA BaLiferTites (2) shaom—1 rank-1
update ($55kRHI SUMMA RUERFEA rank-b update $HTHAT) .

2. 3D Bf%3Ri%: B4, Hit4
—NMEEZANERE, NRFNIERTE m, n, k =EPNEEHTHITSEARE?

SRALL. BRATABRXAM? ZANERRIFHTERERERTAY, EIEARIATREERERL
EHERZENTEET.

SHERER £ T = MEEN RN TE LG =N EH:
1. BEIFATE. B m,n BN, k1BX, BBARSY m, n FTIEET IR EBIFITE. il
i, TEEMATREERKREE, BRHREEM CholeskyQR, ZE+E AT x A, He
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m =mn < 10, @ k IEEX, EEE/LTFMEZLBNEREN GPU EE, R m, n HITERTL
R EBNFAITE.

2. RS ETER, BT ETEIRELLR 2mnk/(mk + kn + mn), f1RRIF m, n
17, mAREAEEZSRZE, 1HEIRFHEaR 1 8k, FEITEEXE NE.

3. mBEE (BUEHRE) . X—/RFE shared memory FTHAKIEE, {ERE distributed
memory FTHIRAEE, BABHEBEANAKR, TEEMERMmAE. NEUER RE
S B? 2MIF. H1E 16 NHE, R4 < 4 1IME. —FFR, A, B7E 16 NHELR
BRE—MEN, M 2D EANHTERREEETEERINE, 8N HEH2ET 141N A
B 1%, MEZENE 310 A B (WEUEEHEZ EEERRT. BEXME 3D HEEUE, &

N/ /

Rainmaker's Notebook SEEIASH AT B EIEEHES e, mNESESie—Lt C EE, 3
[RFARIDAIERET Z ST Fix—, [4] [5] [6] [7] SVEBE0THE, LR,
SRERTR, AR TEhmE
FAIE, | —— (REMIAS 3.%13&: 3D 52.5D §i%
252)

REEMA 3D HIEMIEHITHTRIZE AT 3D &% (8], 1/52.5D Fik [9] UL T 3D FiEAIR
%, FEF 3D FENFZILEEEL. B, —k=i§ 3D # 2.5D EiEMEI—E1Tie.

XJ m, n, k =NMEENRERNHITERERE— N =EAIHENIE. TICHEMEANA pn X pn X Di
RREM, N k BELEZVNEE, P = p, X pn X pr NEHEE, WF 3D &%,

Archives Pm = Pn = pp = PY3.34F 25D &%, p = pn = /P/c, pr = c ok pr, HRE c B
. IPAXL—LE 3D HIERIEEAREMHT2IR?

Home

About
B1146E 3D 8%, — M EERNAFEEBE A, B, C B#I9KT 2 X 2 NFER, BBARIIE:
Sitexc [Coo 001} _ {Aoo Am] » [Boo 301}.
Cwo Cu A An By By

RIRERE 4 NHE, (/A 2D &%, NsNHEMITE— C 95k, IER(IEHESIEINE 8
AN, L2 X 2 X 2 RS, XEFRES) C NoRIESER pr = 2 NHETE. tanik,
Co1 = A By + Ag1 Bi1, W Ago Boy Ha3t2 (0,0,1) it+&, A1 By B3E (0,1,1) it&, 3¢
TFERRIHEMIE, 1TEERURT.

BRT [BTHEEREAA] LUa, RTHEEHME [EENIER] | RAMEZBREERRE
ERNFER, B EmAER, FTATTUMRE—MERAONE: #E Py 18 Cijp = Ay X Bj. 1
FER Pijr B8 Aij, Bjr, FERREREREME Cy, L. BEATAILSE— MERNEIERS T
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MBEAR: Pij E—THANRHRREE A FHSET 183 P, Pojx T—FFRNRHRSE By, FHiEHE
[ 183 Pk, Pijx & Cyjx reduce-sum 2 Py, 8% Ciy.

2D &8, FTitH—F, 8—NHESRFESRT 1/P 4 A, B, C f8r%. {827 3D 1 2.5D &%
B, FERGFIEMTENES T, Bt 2.5D HEiESIAK c S2HALIATATREE, £ c = 1 fiHE
[E7&% Cannon &i%. X MRITALARZERITLHY,

3D # 2.5D EiAEIEREAMA T IHEMTOE=HHTNIEE T, EFANE—T, BNILSRNEIE
— AN 3D HIERISHVESRASENR T, 2.5D EiARERAER P 2%, B2 pn YRR c i
&8, TRREER P = u?c®, u=py,/c o, R m =n < kB m IEFE/N, 3D 2.5D &%
ROATTBE T IR B BT,

4. CARMA: RIRHURYIBEENE

VESEMBELMRERTEITS, James Demmel B#AARRLIEETF 2.5D &i%, 2013 &,
Communication-Avoding Recursive Matrix-multiplication Algorithm (CARMA) [10] f&=SHitH,
CARMA LI—MERHER AR TR AT, HEieOBETLAR—EIEHE: S8
BRARTHITIHENS, WREEEI N BNAFENESHEN D E—FRR— o, SRS
HRE—HORBERIXFE T AR (Algorithm 1in [10]). CARMA RYRIEHSZ4ETER 1D, 2D, 3D B
ER—T . BSVEENFHTREINNATER, BEAFTERAFRFIEERLESY, SERTAHE
RIRSEIBRSE]. FNLLE RIS TS CARMA Ut BEEREXRE T HITEMER ANBEERE
TR, UMEEEEEITXER. TEEIFH CARMA EiZFERIN=MEREFNEHEERT

FBRIZ LRI EMERNAEMSRAITE m &K, BPAFAIIIS m HERIFAN FakR

[Coo; Cro] = [Aoo; Aro] X B. MMRBAVERBHRIRRG, WEHESKAEA PGy, PG, si&dE
Coo = Ao X B, [5EE Cip = Ao X B. RAFREHESE—p BN, WE PGy, PG, 88
BERE—H BrEN, NRE(IISERBNIRENE, NFEHE—5EE $C_{00} = A{00} \times
B, S} 5 —ita % C\{10} = A {10} \times B$.

RIZHBIELIBAIEMER AR n &K, BBARIIS n HEEREANFaE
[Coo, Co1] = A x [Byy, Bo1]. IRBHAVEEBHTRRTE, WEHESHHEE PG, PG, BiEE
Coo = A X By, 5EE Co1 = A X By BAMBEHERE—H A EN, & PGy, PG, &8
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FERE—D ANEN, NRBIISEEBNTRENE, NWAEHE—RHEE Co = A X By, A5
—#28 Cyn = A X By;.

RIRUHBENEBEMTOEDME k 8K, BBARAIIEIS k HERIFHANFam

C = [Aoo, Ao1] X [Boo; Bio). MRBAVERBITERT, WISHESHEEA PGy, PG, &8
CO) = Ay x By, BEE CY = Ay x By, REFEMHEAZNE2 C = CO + 00, &
NREHIESE—H A B RN, WE PGy BEFE Ay, By, PG1 EEFE Ag, Bip. IR
BT RBNTENE, WAEHE—2EE C0) = Ay x By, AE—iEg

C(l) = A()l X BlO-

H5E T EBVIER, HIBREBULNIBE. F CARMA, E—MEEZRHRNEME [NRER
—£ P AR 2 EHEAN? | RNIRERERIRRTTE, (BRTIERBSHNSMRFLER.
BINABBRER: [BAS—SU0 FORERERFERREINEEERER, BPAXLEME—TTREE
ADMW? | XWANERRE—E, MEERET. ISP/ IOEERAT:

The MPI version of CARMA only communicates one of the three matrices at each BFS
step. It requires that each of the two halves of the other two matrices already resides
entirely on the corresponding half of the processors... The recursive data layout that
the distributed version of CARMA uses is different from any existing linear algebra
library; hence CARMA cannot be directly incorporated into, for example, ScaLAPACK.

In fact, even if a new library is designed for CARMA, there is a complication.

5. COSMA: —/\&¥R, S8FR

AFERE) T 2019 &, 7£ SC19, Torsten Hoefler HUSmHAUMBAIFIARTIT R, MUK T T +92—H
BRI (85) , FETT GB ##[] best student paper, [FZIEZ COSMA [11], COSMA tb2—4
¥ 1D, 2D, 3D &ixF— L THER, TUMARELL CARMA RES—#, FEIEEFR COSMA fE5 K%
HIERTHLL [EE] FTEEREAEEEREIRC TR, MARE—NEER ( [EE] TR) .
TEHAI—EKEE COSMA BaaEHEant4En.,

tRIBIESL, COSMA EEmEMNHEITE— a X a X b IFEE, HHIEItE— e x b A FHErk
SRLA— b X a B9 B FiE. BEKRE—RMEA, KEEETHEREAAN S BRETH (F) &
i a,b f#, BE—1 () SMBTITERE. fEfa, 1818 red-blue pebbling game B, +Fit
BK#MEMBTIAE  (computational directed acyclic graph, CDAG) #1749, BEIBERNER/NY
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FTtERE., XNFHTITERBIEERNTTINLESEIFERARCRINEERN. TBNEES
WTHEL

Algorithm 1 COSMA

Input: matrices A € R™*k B ¢ Rk*n,
number of processors: p, memory size: S, computation-I/O tradeoff ratio p
Output: matrix C = AB € R™*"
1: a « FindSeqSchedule(S, m, n, k, p) > sequential I/O optimality (§ 5)
2: b « ParallelizeSched(a, m, n, k, p) > parallel I/O optimality (§ 6)
3: (G, aopt, bopt) «— FitRanks(m, n, k, a, b, p, 6)
4: forall p; € {1...p} doin parallel

7 /ﬁ
Rainmaker's Notebook

[RESRIPRIHET Z TR E

SREAIUR, HRIRNIT=RE 5: (Ay, By, Cl) — GetDataDecomp(A, B, G, Pl)
FEOEG. | — (REAASE 5‘“;2);): : o
sy 6: s Zaopt » latency-minimizing size of a step (6.3)
b
7: t — [—O;Lt.l > number of steps
8: forje{1...t}do
Home 9: (Ay, By) « DistrData(Ay}, By, G, J, pi)
10: Cy «— Multiply(Ay, By, j) > compute locally
, 11: end for
Archives 12: C « Reduce(Cy, G) > reduce the partial results
13: end for
About
SiteXC

a, b KEFAMUAERRLN T :

https://enigmahuang.me/2022/04/02/CARMA-COSMA/ 5/10
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The local domain D); is a grid of size [a X a X b], containing b

outer products of vectors of length a. The optimization problem
of finding Pop+ using the computational intensity (Lemma 2) is
formulated as follows:

a’b
ab + ab + a?
subject to:

(3)

maximize p =

a® < S (the I/O constraint)

a’b = m_nk (the load balance constraint)

pS > mn + mk + nk (matrices must fit into memory)

The I/O constraint a®> < S is binding (changes to equality) for

p < ';‘;}f Therefore, the solution to this problem is:

a = min {\/5, (mTMC)lﬁ}’ b = max {n;r;k, (m;k)lﬁ} (4)

The I/0 complexity of this schedule is:

a’b ) {2mnk+s’3(m;k)§}

Q > — =min
pVS

Jo,
BBAEIERWAHE, TEIENBEEEEAENTR? BASE, 1BXEHIZEITIC cetpatabecomp()
DistrData() X MREBNEKTAEF. 1IUIRE:

(5)
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7.2 Enhanced Communication Pattern

As shown in Algorithm 1, COSMA by default executes in t = Szfé’z
rounds. In each round, each processor receives s = ab/t = (S—a?)/2
elements of A and B. Thus, the input matrices are broadcast among
the i and j dimensions of the processor grid. After the last round,
the partial results of C are reduced among the k dimension. The

communication pattern is therefore similar to ScaLAPACK or CTF.

BERBRCEXETH/UR, BRBSEXERNAT, FTRERHKARCKFABIE, & COSMA
AMCRBEFIRRY [12], FAITLIEEENRR. COSMA fIIEE C++ By, S5REEA, AIEHR
¥, IRERMATEEAERN C++ FEE. FAIM miniapp/cosma_miniapp.cpp X MREFRATFHIZRFAN
F.

HOIRERT, B2 strategy FMMERFISENFFTHREE. MRAFIZBIEE, HBA COSMA
SUTERMIORE, KREERIVERIERN. tit, XIEHEN src/cosma/strategy.cpp:s2 FIFIIAEREL,
FHBETE src/cosma/strategy.cpp:328 HY square_strategy() EREUITEFITREE, HFKIET 7TIXNDERELAL
B, —MUBHERNEREZE L0k, 8%, XPMRESEIT src/cosma/math_utils.cpp FHI
balanced_divisors() FSHFIATREMITEE dn, dn, dk, 8 m/dm ~ n/dn ~ k/dk. fiz, dm,
dn, dk O REEZL, AEREBREAERS, REE—LE m, n, k EREENSREBITH TS EHE
B17X5. #1 CARMA 8L, XMBEEIEERI, RAIAREEVMMEHITYEND T ETREBRML
WiERR, & a,bWRMLE, LK CDAG, BHRIALLEZH,

KRERNKRLES, HARFHAET =A0hER A, B, C (XER(IEAEEEEREEADH
89) , REAEA nutiply() FHATEMEMEERE. ITERISLFRALE src/cosma/multiply.cpp:3e8 , IX

multiply() SARIEIMANAISRREIAR parallel() BE sequantial() . HH, parallel() XPMRHETK
ERNFEMERE, RN, REEX P RETEMAIZRIAT] CARMA REeii2—8RE, ERthE
ODERE. THHR—FKE parallel() TREBATERE:

If m split: Split matrix A and copy matrix B ...
If n split: Split matrix B and copy matrix A ...

If k split: Split both matrices A and B ...

7/10
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COSMA &£ | Rainmaker's Notebook
{EANILL, FHAMER—L CARMA 18X EH#iiR CARMA BREZRY Algorithm 2 B9G)F:

if m is the largest dimension then copy B to disjoint halves of the processors
if n is the largest dimension then copy A to disjoint halves of the processors
if k is the largest dimension then gather C from disjoint halves of the processors

REg, COSMA XMUBRISEIE [LIRIESEHCWFRIBETIREMEAE] , #RT CARMA &XHY
FRHERISD, ESLFMEEL, COSMA copy A/B BIRHEFRIRZ allgather, &58 C BIEIDERUE
Fg reduce-scatter f52IR&H C ERHBHIDHEZIHEE. HR, A B MRS TIRARS
BLEM, FIEEEEATLUEBZR.

BJ1¢HY red-blue pebbling game, (VXX EmAELIZ Y. BRAMEAMARIEE, RATLIEEE
MAESE—FENERT, MOEHAZTRAEENN, BEREFFABEZ I,

6. 5. 3D SUMMA

3D SUMMA [13] ARAEAXAITICTBEERN, BREERE STA iR, WEXNMNEEFREAEESIH
EXE—T. 3D SUMMA g9ie3 2 2016 KR, tb COSMA EB, AmuJeeHTFRABEARER,
COSMA FHigE35|BItX, ;881718 3D SUMMA.

2D SUMMA RHEZRHSLRBZIBHET 3D Fi%: [FRREYS k-dim LUFETA low-rank update
(LRU) fRoR#14T, IIERBIEXL LRU FTHITREILASEI— 3D SUMMA 7, RNIEENERIRER
BRI —m: WERAEMSR A —X—E D, YIETNFEFER, XESE—BEHIT, 8107
XEFFEFRBIAM 2D SUMMA, XZIK FHIREHT. ek, —HE2=FH1T, #E 3D &&7.
Itt, 3D SUMMA B=/Mhgas: stationary A/B/C kR, 9 BIXIRE—ETE n-dim, m-dim, k-dim #4371
2. NIHEFKENR, stationary A/B AR EHAR 3D BiE, EARBAKLMARIS m # n lNMERHT
TS, 86X kK #EHTS. REWL, 3D SUMMA Himir2RIATEH: MESHSWZE,
"SR 2D SUMMA F5{&sLH,

EHER, 3D SUMMA HEFFEBRER. F—1N2: = MRAPNEHRTFHN, BURTEFRAEAR T
1 3D HEMIERIARN, 1IN EF BRI AR BRRR T ERHERE, (OTE TR NEST
FEPEAERATRUIBE S REFILATNSIENIE A/, BEEi, FigBE— 3D SUMMA BiXEaFER
A, AX—mRLE, B COSMA ZEHERRE—R. FE—NURAET, BMERERNESAE
PEARSE, (EFEER 3D HIEMAE, 3D SUMMA RY latency cost =ttt COSMA X, [RETET 2D
SUMMA #j broadcast 288179, ME—XEE log(pn) + log(p,) B9 latency cost.
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7. HIMOBT/IN: HERENEE

BARBRT : BiRE—1EZE, B8 3D SUMMA EZERYENEME, XALNSAERRR Y BasEs
1BERY 3D FHERIEA/N, EEER COSMA —RRISRMIBIEHN?

HEZENEE, NI —ERIFERE, BELLA=TEXNEAHLE Y. XNMAIREEFS
&, FEEEEECSHERLE!

£is
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/A

Rainmaker's Notebook EEEURRIRGS STA RUZIRMERE. I2BMEAY buff IIKF, ASCATREASHEAE. # STA REMILEREH
IR AR DRI 2 TETHbE 2 &, &/
PEANR, FRIRNIT7HIRE .
bz, | — (RERIAE S5 30K
F5D 1. A Cellular Computer to Implement the Kalman Filter Algorithm, link
2. PUMMA: Parallel Universal Matrix Multiplication Algorithms on Distributed Memory
Concurrent Computers, link
Home 3. SUMMA: Scalable Universal Matrix Multiplication Algorithm, link
4.1/0 Complexity: The Red-Blue Pebble Game, link
Archives 5. Communication Lower Bounds for Distributed-Memory Matrix Multiplication, link
6. Minimizing Communication in Numerical Linear Algebra, link
About 7. Communication Lower Bounds and Optimal Algorithms for Numerical Linear Algebra, link
8. A three-dimensional approach to parallel matrix multiplication, link
Sitexc 9. Communication-Optimal Parallel 2.5D Matrix Multiplication andE Factorization

Algorithms, link
10. Communication-Optimal Parallel Recursive Rectangular Matrix Multiplication, link
11. Red-blue Pebbling Revisited: Near Optimal Parallel Matrix-Matrix Multiplication, link
12. GitHub: eth-cscs/COSMA, link
13. Parallel Matrix Multiplication: A Systematic Journey, link

LinearAlgebra } { MPI } { GEMM
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